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The weak type (1, p) for convolution operators
on locally compact groups
Duva´n Cardona
Abstract In this paper we provide necessary and sufficient conditions for the
weak(1, p) boundedness, 1 < p < ∞, of convolution operators on locally compact
(Hausdorff) topological groups. So, we generalize a classical result due to Sobolev-
Hardy-Littlewood and Stepanov. Applications to Fourier multipliers on Lie groups
also are given. MSC2010: 42B15 (primary), 22E30 (secondary).
1 Introduction
Let us consider a locally compact (Hausdorff) topological group G, endowed with
its unique (up by constants) left invariant Haar measure dµ , which we also assume
inversion invariant. Given a convolution operator of the form
T f (x) ≡ k ∗ f (x) :=
∫
G
k(y) f (y−1x)dµ(y), f ∈C0(G) (1)
defined on the set of functions with compact support, in this paper we provide nec-
essary and sufficient conditions on the kernel k, in order that T can be extended
to a bounded operator from L1(G) into Lp,∞(G), 1 < p < ∞. This means that the
following inequality
‖T f‖Lp,∞(G) := sup
α>0
µ{s ∈ G : |T f (s)|> α}
1
p ≤C‖ f‖L1(G) (2)
holds true for some fixed constant C and every f ∈ L1(G). This problem has been
solved forG=Rn by Sobolev, Hardy, Littlewood and Stepanov (see, e.g. [19]). They
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showed that on Rn, a convolution operator T is of weak type (1, p), 1 < p < ∞, if
and only if its convolution kernel belongs to Lp,∞(Rn). Our main goal here is to
generalize the Sobolev-Hardy-Littlewood-Stepanov result to every compact locally
(Hausdorff) topological group (see Theorem 1). The characterization of the weak
(1,1) boundedness for convolution operators, is much more complicated to obtain,
and in general one only have necessary conditions depending on the type of groups
as well as the structure of the convolution operator under consideration (see, e.g.,
the books by Stein, Grafakos and Duoandikoetxea [13, 18]and [32] and its historical
notes).
The problem of find satisfactory conditions in order to assure the Lp-boundedness
of convolution operators is classical. Convolution operators with singular kernels
were treated trough of the Caldero´n and Zygmund work (see e.g., [6]). Necessary
and sufficient conditions for the boundedness of convolution operators on Lp spaces
are known for p = 1 and p = 2 (see, e.g., Grafakos [18]). For convolution operators,
there exist nice connections between the weak (q, p) boundedness (i.e. boundedness
from Lq into Lp,∞) and its strong (q, p) boundedness (i.e. boundedness from Lq
into Lp). In 1982, G. Pisier conjectured that every convolution operator bounded on
Lp,∞(G) is automatically bounded on Lp(G) if 1 < p < 2 and G is compact. This
conjecture was proved by H. Shteinberg [31].
It was proved by L. Colzani in [10] that convolution operators T bounded on
Lp,∞ also are bounded on Lp, when the group is non-compact; Colzani also proves
that a bounded convolution operator on the Lorentz space Lp,q(G), 0 < p < 1 and
0< q≤∞ is a convolution operator with a discrete measure m =∑akδxk where {xk}
is a sequence in G and {ak} is a sequence in suitable discrete Lorentz spaces. It was
proved by D. Oberlin [25] for 0< p < 1 and G locally compact, that a convolution
operator T is weak (p, p) if and only if T has the form ∑akLxk where Lx denotes the
left-translation at x and the sequence {ak} satisfies |ak| = O(k
−1/p); Oberlin also
proves that, for 0 < p < q ≤ 2, and G amenable, the weak (p, p) boundedness of
a convolution operator implies its Lq boundedness. The same author has character-
ized in a similar way those bounded operators on Lp(G), 0 < p < 1 (see [26]) by
observing that those convolution operators are given by convolutions with discrete
measures (m j) ∈ ℓ
p.
In general, bounded convolution operators on L1,∞(G) in suitable groups, have
a restriction to L1(G) given by convolution with discrete measures, but, the opera-
tors are not uniquely determinate by those measures; this fact was observed by P.
Sjo¨gren in [29] where he also study the form of such measures for G =R,R/Z and
G = Z. The works Colzani and Sjo¨gren [11] and Sjo¨gren[30] give a study of convo-
lution operators on the Lorentz space L1,q, 1< q < ∞. The classical work Cowling
and Fournier [12] illustrates some inclusions between spaces of convolutors. Other
properties of the complex valued and vector valued convolution operators can be
found in [5, 7, 8, 21].
On several classes of Lie groups, which also are locally compact topological
groups, convolution operators appear as multipliers of the Fourier transform. Clas-
sical references in this subject are Marcinkiewicz[23], Mihlin [24], Alexopoulos[4],
Fefferman[14], the seminal work of Ho¨rmander[20]. In a much more recent con-
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text, multipliers have been considered in Ruzhansky and Wirth[27], Fischer and
Ruzhansky[15], Fischer[17], the works [1, 2, 3] and references therein.
In the next section we prove our main result and we discuss some applications
for multiplier on Lie groups.
2 Weak-ℓp estimates for convolution operators
In this section we prove our main result. Our main tool will be the following lemma.
Lemma 1 (Approximate identity). Let G be a locally compact (Hausdorff) topo-
logical group. The exist complex functions δε , ε > 0 on G satisfying:
• there exists a constant c > 0, such that ‖δε‖L1(G) ≤ c.
•
∫
G δε(x)dµ(x) = 1 for every ε > 0,
• for every neighborhood V of the identity element e of the group, we have∫
G−V |δε(x)|dµ(x)→ 0 as ε → 0.
• For 1≤ p < ∞, ‖ f ∗ δε − f‖Lp(G) → 0 as ε → 0.
• If f is continuous in some compact set K of G, then f ∗ δε → f in L
∞(K).
Now, we present our generalization of the Sobolev-Hardy-Littlewood-Stepanov
Theorem.
Theorem 1. Let us assume that G is a locally compact (Hausdorff) topological
group. Let us consider a measurable function k on G. If T is the convolution op-
erator associated to k, then T : L1(G)→ Lp,∞(G), 1< p < ∞, extends to a bounded
operator if and only if k ∈ Lp,∞(G)).
Proof. If we assume k ∈ Lp,∞(G)), we can write for f ∈ L1(G),
‖T f‖Lp,∞ = ‖k ∗ f‖Lp,∞ ≤ ‖k‖Lp,∞‖ f‖L1 , (3)
where we have used the weak-Young inequality (see Theorem 1.2.13 of [18]). For
the converse assertion, let us assume that T is a bounded operator of weak type
(1, p). Then, we have the inequality
‖T f‖Lp,∞ ≤ ‖T‖B(L1,Lp,∞)‖ f‖L1 , (4)
in particular, for every ε > 0 and δε as in (1) we have
‖Tδε‖Lp,∞ = ‖k ∗ δε‖Lp,∞ ≤ ‖T‖B(L1,Lp,∞)‖δε‖L1 ≤ c · ‖T‖B(L1,Lp,∞). (5)
Consequently we obtain the inequality
‖k ∗ δε‖Lp,∞ ≤ c · ‖T‖B(L1,Lp,∞), (6)
uniformly on ε. The subset {k ∗ δε} is then bounded uniformly in L
p,∞(G). Since
Lp,∞(G) is the dual of the Lorentz space Lp
′,1(G) (see Theorem 1.4.17 of [18], where
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p′ is the conjugate exponent of p) the functions k ∗ δε are contained in a fixed mul-
tiple of the unit ball in Lp
′,1(G)∗ ≡ Lp,∞(G). By the Banach-Alaoglu theorem this is
a compact set in the weak∗ topology. Then, there exists a subsequence εk → 0, such
that the sequence k ∗ δεk converges to some function κ ∈ L
p′,1(G)∗ ≡ Lp,∞(G), in
the weak∗ topology. So, we have
lim
k→∞
∫
G
g(x)k ∗ δεk(x)dµ(x) =
∫
G
g(x)κ(x)dµ(x), g ∈ Lp
′,1(G). (7)
In order to end the proof we only need to show that k = κ. In fact, by properties of
the convolution, we have for a real function h ∈C0(G),
(k ∗ δεk ,h)L2 = (k,δεk ∗ h)L2 . (8)
Because δεk ∗ h converges to h in C0(G), we have (k,δεk ∗ h)L2 → (k,h)L2 . On the
other hand, if k → ∞, (k ∗ δεk ,h)L2 → (κ,h)L2 . So, we have
(k,h)L2 = (κ,h)L2 , h ∈C0(G), (9)
and consequently k = κ, a.e.w. Thus, we end the proof of the theorem.
Remark 1. Although our main result has been announced for (left) convolution op-
erator of the form
T f (x)≡ k ∗ f (x) :=
∫
G
k(y) f (y−1x)dµ(y), f ∈C0(G), (10)
the assertion remains valid for (right) convolution operators
T f (x)≡ f ∗ k(x) :=
∫
G
f (y)k(y−1x)dµ(y), f ∈C0(G). (11)
We end this paper with natural examples where our main result can be useful.
Example 1. Let us consider the discrete group G = Zn, in this case, the Sobolev-
Hardy-Littlewood-Stepanov theorem has been proved in [9]. Convolution operators
in this setting take the form
t f (s) = ∑
n′∈Zn
k(s− n′) f (n′). (12)
By using the Fourier transform FZn on Z
n, convolution operators are multipliers:
t f (s) =
∫
[0,1]n
ei2pisθ m(θ )(FZn f )(θ )dθ , (13)
with m=FZnk. Now, t is of weak type (1, p), 1< p< ∞ if and only if k ∈ ℓ
p,∞(Zn).
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Example 2. Let us assume that G is a compact Lie group (examples of compact
Lie groups are n-dimensional torus G = Tn or G = SU(2)), and Ĝ is its unitary
dual. If FG is the Fourier transform of the group, convolution operators appear as
multipliers of the form
Tσ f (x) = ∑
pi∈Ĝ
dpi tr[pi(x)σ(pi)(FG f (pi))]. (14)
For non-compact Lie groups as nilpotent Lie groups (natural examples are G = Rn
or G =Hn which denotes the Heisenberg group), multipliers appear in the form
Tσ f (x) =
∫
Ĝ
tr[pi(x)σ(pi)(FG f (pi))]dpi , (15)
where dpi is the Plancherel measure on Ĝ. The convolution kernel of T in both cases,
is given by k = F−1G σ , and we also have in both cases that Tσ is of weak type (1, p)
if and only if k ∈ Lp,∞. In terms of the so called symbol σ of the operator Tσ , the
Fourier multipier Tσ is of weak type (1, p) if and only if σ ∈ FG(L
p,∞(G)). For
more properties about multipliers in compact Lie groups, and graded Lie groups we
refer the reader to the references Fischer and Ruzhansky[16] and Ruzhansky and
Turunen [28].
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